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Research Concerning the Use of Polynomial Functions in the Study of
the Conventional Sucker Rod Pumping Units
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The analysis of the conventional sucker rod pumping units and especially their dynamics is laborious and
requires a large amount of calculations due to the constructive complexity of the component structural
elements. Therefore, expressing in a simplified but sufficiently precise form the various cinematic and
dynamic parameters that characterize the proper functioning of the pumping units is extremely useful in
analyzing the possibilities of their functional optimization. In the paper are presented a series of results
concerning the expressing of some cinematic and dynamic parameters using polynomial functions in the
case of the mechanism of a C-640D-305-120 pumping unit. The simulations have been performed with a
computer program developed by the author using Maple programming environment. Experimental records
processing was performed with the program Total Well Management.

Keywords: sucker rod pumping unit, kinematics, dynamics, polynomial functions

The analysis of the sucker rod pumping installations in
the perspective of their functional optimization requires an
accurate determination of the parameters that
characterize the operation of the pumping unit mechanism
and those corresponding to the movement of the sucker
rod column [1-3]. On the other hand, especially the analysis
of their dynamics is extremely laborious and requires a
large amount of calculations due to the constructive
complexity of the component structural elements of the
pumping unit mechanism and due to the complex loads
that appear during the movement of the sucker rod column
[4-8]. Therefore, expressing in a simplified but sufficiently
precise form the various cinematic and dynamic
parameters that characterize the proper functioning of the
sucker rod pumping installations is extremely useful in
analyzing the possibilities of their functional optimization.

In this paper are presented some results concerning the
use of the polynomial functions for expressing some
cinematic and dynamic parameters corresponding to the
operation of the mechanism of a C-640D-305-120 pumping
unit. Some significant results concerning the cinematic
and dynamic analysis of the mechanisms that have
strongly helped to the achievement of the research from
this paper are presented in [9-14]. The simulations have
been performed with a computer program developed by

the author using Maple programming environment [15]
and the experimental records processing was performed
with the program Total Well Management [16].

Experimental part
It has been analyzed a well serviced by a C-640D-305-

120 pumping unit manufactured by Lufkin [17]. The
experimental records have been processed using the
program Total Well Management [16]. In establishing the
polynomial function corresponding to the variation on a
cinematic cycle of the motor moment at the crankshaft of
the analyzed pumping unit using the simulation program
mentioned before was used the record concerning the
variation of the force at the polished rod for the stroke 70
(fig. 1).

The simulation results have been compared with the
experimental records obtained for the variation on a
cinematic cycle of the motor moment at the crankshaft
for the strokes 70, 80 and 85 (fig. 2-4).

Establishing the polynomial function corresponding to the
variation of the motor moment at the crankshaft

The mechanism of a conventional pumping unit is
presented in figure 5. For establishing the variation on a
cinematic cycle of the motor moment Mm at the crankshaft

Fig. 1. The variation of the force at the polished rod during
the stroke 70
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are taken into account the weight G1 of the cranks, the
weight GCG of the balancing counterweights and the force
 F acting at the end of the polished rod. In fig.ure5 with C1
was noted the mass center of the cranks and  mCG
represents the total mass of the balancing counterweights.

The motor moment Mm at the crankshaft is calculated
by expressing the dynamic equilibrium in instantaneous
powers with the following relation:

                    (1)

where: ω1 is the angular speed of the cranks;  νC1=ω1 x
OC1 is the speed of the mass center C1 of the cranks;
νA’=ω1 x OA’1 is the speed of the point where is acting the
weight GCG of the balancing counterweights; νD is the
speed of the end of the polished rod that can be established
with the relation [6]: νAD=ω3’ . CD, where  is the angular
speed of the rocker that can be calculated with the
following relation:

Fig. 2. The variation of the motor moment at the
crankshaft during the stroke 70

Fig. 3. The variation of the motor moment at the
crankshaft during the stroke 80

Fig. 4. The variation of the motor moment at the
crankshaft during the stroke 85
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(2)

The manner of determining the variation of the angle ϕ3  according to the angle  ϕ1 (fig. 5) is presented in [6].
 The variation on a cinematic cycle of the force F at the end of the polished rod can be expressed according to the angle

ϕ1 with a polynomial function whose coefficients are calculated with the method of the least squares [18]:

(3)

The values of the coefficients ci, i=0,m, that gives the best approximation of the variation on a cinematic cycle of the
force F can be determined by solving the following system of equations [18]:

Fig. 5. The mechanism of a
conventional pumping unit

where ϕ1i are the values of the angle ϕ1 where have been recorded the values of the force at the polished rod.
In a similar way, dϕ3 /  dϕ1 that appears in the calculus relation of the angular speed ω3 and the trigonometric function

cosϕ1  that appears in the expressions of the terms G1 . νC1  and GCG . νA’  in relation (1) can be expressed with polynomial
functions, so that in the end is obtained the variation of the motor moment Mm expressed in a polynomial form.

Simulation results and discussions
The analysis of the mechanism of the conventional sucker rod pumping units presented before has been transposed by

the author into a computer program using Maple programming environment [15]. The simulations have been performed
in the case of a C-640D-305-120 pumping unit produced by Lufkin [17], whose component elements have the following
dimensions: OA = 30 in. (0.762 m); AB = 133.5 in. (3.3909 m); BC = 111.09 in. (2.8217 m); CD = 155 in. (3.937 m). The
coordinates of the point C (fig. 5) are [17]: xc=111(2.8194 m) and  yc=138 in. (3.5052 m). The value of the crank angle

d1ϕ  corresponding to the beginning of the upward movement of the sucker rod column is 88.976o[6].
The simulations have been accomplished by considering the following values of the other parameters involved in

calculations: OA’ = 46 in. (1.1684 m); OA” = 95 in. (2.413 m); mCG=4808kg; q1 = 722 kg/m, where q1 is the linear mass
of the cranks. The angular working speed of the cranks has been of 6.667 rot/min.

In evaluating the polynomial function corresponding to the variation of the force at the polished rod for the stroke 70
(fig. 1) it has been consider m=30. In figure 6 are presented the values of the coefficients ci,i=0,m, in the order in which
they are found in the polynomial function.

(4)

Fig. 6. The values of the coefficients of the polynomial function  corresponding to the force at the polished rod
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In figure 7 the curve 1 represents the variation of the
force at the polished rod during a cinematic cycle beginning
with the upward movement of the sucker rod column
obtained using the polynomial function and the curve 2
corresponds to the variation of its measured values.

In evaluating the polynomial function corresponding to
the variation of dϕ3/dϕ1 during a cinematic cycle beginning
with the crank angle ϕ1d it has been consider m=7. In
figure 8 are presented the values of the coefficients
ci,i=0,m, in the order in which they are found in this
polynomial function.

In figure 9 the curve 1 represents the variation of the
angular speed  during a cinematic cycle beginning with
the crank angle ϕ1d  obtained using the polynomial function
corresponding to dϕ3/dϕ1 and the curve 2 corresponds to
the variation of its values calculated with relation (2).

In figure 10 are presented the values of the coefficients
ci,i=0,m, in the order in which they are found in the
polynomial function that approximates during a cinematic
cycle beginning with the crank angle ϕ1d the trigonometric
function cosϕ1 that appears in the expressions of the terms
G1.νC1 and GCG.νA’  in relation (1). In this case it has been
consider m=6.

Fig. 7. The variation of the force at the polished rod during
the stroke 70

(simulation -curve 1; experimental - curve 2)

Fig. 8. The values of the coefficients of the polynomial function corresponding to dϕ3/dϕ1

Fig. 9. The variation of the angular speed 3ω
during a cinematic cycle using the polynomial

function (curve 1) and the exact kinematics
(curve 2)

Fig. 10. The values of the coefficients of the polynomial function  corresponding to 1cosϕ

Fig. 12. The variation of the motor
moment at the crankshaft during the

stroke 80 (simulation -curve 1;
experimental - curve 2)

Fig. 11. The variation of the motor moment
at the crankshaft during the stroke 70

(simulation -curve 1; experimental - curve
2)
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In figures 11÷13 the curve 1 represents the variation
during a cinematic cycle beginning with the crank angle
ϕ1d  of the motor moment Mm at the crankshaft expressed
in a polynomial form and the curves 2 corresponds to the
variation of its measured values for the strokes 70, 80 and
85 respectively.

Figures 11÷13 highlight a good accordance between
the values of the motor moment at the crankshaft obtained
when it is expressed in the polynomial form and its
measured values

Conclusions
In this paper were presented some results concerning

the use of the polynomial functions in the operation analysis
of the mechanism of the conventional pumping units. The
program Total Well Management has been used for
processing the experimental records and the simulations
have been performed with a computer program developed
by the author using Maple programming environment. After
the simulations performed in the case of a C-640D-305-
120 pumping unit it has been established the variation on a
cinematic cycle of the motor moment at the crankshaft in
a polynomial form after having previously obtained the
polynomial functions corresponding to the variation on a
cinematic cycle of the force at the polished rod and of the
angular speed of the rocker. The simulation results
highlighted a good accordance between the values of the
motor moment at the crankshaft obtained when it is
expressed in the polynomial form and its measured values.
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